Abstract. Let D be a Dedekind scheme with the characteristic of all residue fields not equal to 2. To every tame cover C →D with only odd ramification we associate a second StiefelWhitney class in the second cohomology with mod 2 coefficients of a certain tame orbicurve [D] associated to D. This class is then related to the pull-back of the second Stiefel-Whitney class of the push-forward of the line bundle of half of the ramification divisor. This shows (indirectly) that our Stiefel-Whitney class is the pull-back of a sum of cohomology classes considered by Esnault, Kahn and Viehweg in 'Coverings with odd ramification and Stiefel-Whitney classes'. Perhaps more importantly, in the case of a proper and smooth curve over an algebraically closed field, our StiefelWhitney class is shown to be the pull-back of an invariant considered by Serre in 'Revêtementsà ramification impaire et thêta-caractéristiques', and in this case our arguments give a new proof of the main result of that article.
Introduction
Let C →Spec k be a smooth and proper curve over an algebraically closed field with char k =2. Mumford proved in [7] that if L is a theta characteristic, i.e., a line bundle such that L⊗L Ω C/k , then h 0 (C, L⊗E) is constant mod 2 when E varies in an algebraic family of orthogonal bundles. In [10] , Serre found the following more precise version of this result:
where the last term is the second Stiefel-Whitney class (or rather its image under the canonical isomorphism H 2 (C, μ 2 )→F 2 ) of the m-dimensional orthogonal bundle E.
(Serre only stated this result for Riemann surfaces, but the first of his arguments which uses the classification of orthogonal bundles generalises.) One way in which orthogonal bundles on curves appear naturally is the following: let f : C →D be an oddly and tamely branched cover of degree n of a smooth k-curve, let R be the ramification divisor and let E be the divisor such that 2E =R. Then duality theory for finite morphisms gives f * O(E) an orthogonal bundle structure (this will be explained in Section 2). The Hurwitz formula shows that if L is a theta characteristic on D, then f * L⊗O(E) is a theta characteristic on C. Applying (1) where ω(C/D) is the evaluation of a residue class character mod 8 on the sum of the branching indices. The point is that w S 2 (f ) can be combinatorially defined, which means that the last term in (2) actually is easy to compute, which often is extremely useful.
Included in [loc. cit.] is an informal wish list, which slightly paraphrased reads as follows:
1. The given definition of w S 2 (f ) is an element of F 2 , not a cohomology class. Remove this ad hoc-ness.
2. In an earlier paper [9] , Serre had found a Stiefel-Whitney class w 2 (j)∈ H 2 (K, μ 2 ) for any separable field extension j : K →L, and a formula which relates this class to the Stiefel-Whitney class of w 2 (L/K), where L/K denotes L considered as an orthogonal K-vector space by means of the trace pairing. Is there a common generalisation of this formula and Equation (3)? 3. The proof given in [10] for (3) uses (2), and then works by reduction to a special case. Is there a more direct proof of this result? The second item on this list was picked up in [1] by Esnault, Kahn and Viehweg. They consider an arbitrary tame and oddly ramified cover f : C →D of Dedekind schemes over Spec Z [1/2] , define an invariant w 2 (f ) which is w 2 (j) when C =Spec L and D=Spec K, and which satisfies the formula
of the Kummer sequence. Since (2)=0 for a curve over a separably closed field k, it follows from Serre's proof of (3) that w 2 (f )=w
In the present paper we will consider a tamely ramified cover f : C →D of Dedekind Z[ we will give a straight-forward proof of (3) with w S 2 (f ) replaced by w 2 (C/D) in the more general setting of an oddly ramified cover of Dedekind schemes. Specialised to the curve case, this is the third item on the wish list.
A major reason behind the present work is our interest in whether there exists a generalisation of (3) to the case of wildly ramified covers of proper and smooth k-curves, where the tame part of the ramification is still assumed odd. Our definitions seem to be appropriate for such an investigation.
Terminology
All schemes and orbifolds are by definition Z[ m with the non-degenerate and symmetric pairing
Stiefel-Whitney classes of orthogonal vector bundles
which in the standard basis is given by the identity matrix. Let O m be the algebraic group defined by the functor from Z[
defines a category equivalence from the category of rank m orthogonal vector bundles to the category of O m -torsors, with quasi-inverse given by
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There are exact sequences of sheaves of groups on For a more thorough discussion of Stiefel-Whitney classes in algebraic geometry, cf., e.g., [1, §1] .
Basic setup
Let D be a Dedekind scheme, and let f : C →D be a connected tamely ramified cover of degree n with only odd ramification. For every c∈C, there is an inertia degree i:=[k(c): k(f (c))] (i.e., the degree of the residue field extension), and a ramification index e defined to be the positive integer such that
. Tamely ramified with only odd ramification then means that e is coprime to 2 char(k(c)).
Let E be the divisor c∈C ec−1 2 c, and let R:
, and the pair (O(R), tr f ) is a dualising sheaf for f , cf., e.g., [4, §6.4] . This means in particular that the pairing
) it follows that we have defined an orthogonal vector bundle.
Recall that there exists an essentially unique pair ( C →D, ψ) where C →D is a tame cover, ψ : C × D S n → C is an action of the symmetric group, and
Stiefel-Whitney classes of curve covers is isomorphic to C →D. Using [ ] to denote the stack quotient, there is a commutative diagram
of tame Dedekind orbifolds, where V →D is the complement of the branch points of f , and [f ] isétale. Hence the trace defines a non-degenerate and symmetric pairing
. Now we are prepared to introduce the Stiefel-Whitney classes which the present paper is all about. Namely, for i=1, 2, let
We intend to compare ι * w i (E) with w i (C/D). The next section will provide the computational tool for doing so. Proof. Let V =Spec R be sufficiently small and note that F is determined (up to isomorphism) by E and αγβ −1 . Every element of O m (R) is a product of finitely many reflections. Moreover, all reflections are conjugate, and we may take (since we are workingétale locally) O m to be the group which preserves the bilinear form which in the standard basis on R m is given by block diagonal matrix
The second Stiefel-Whitney class
when m is even respectively odd, and where H := 0 1 1 0 .
By induction on the number of reflections, and exploiting Proposition 11, it is enough to prove that if αγβ −1 =ρ e B where ρ e is the reflection
• The induced matrix lifts to Pin m (K {d} ) if and only if e is even.
• If F is the orthogonal vector bundle on [D] determined by E and B, then
The first of these statements is proved as in the proof of Lemma 4 below. To prove the second, consider the diagram
Stiefel-Whitney classes of curve covers where the rows are parts of the cohomology sequences, and the vertical maps in the lower part of the diagram come from functoriality of cohomology with respect to the group homomorphism This gives a commutative diagram of groups with exact rows
Henceˇm(A)= ˇm i (A i ), which gives the result.
A local computation
We reuse the notation of Diagram (7). Also, let ω : (Z/8) × →{±1} be the (primitive) residue class character which is given by ω(a)=1 if and only if a≡±1 mod 8 (incidentally, this is the character which cuts out Q( 
Finally, let δω(C/D) be the image of ω(C/D) under
where the second homomorphism comes from the Kummer sequence. Our main result is:
Proof. There are natural sheaf morphisms Let c∈C map to d, and letc be a geometric point of C which maps to c. Let e (respectively i) be the ramification index (respectively the inertia degree) at c, let t be the least common multiple of the ramification indices at the preimages of f (c), and put u=t/e. After strictly localising in the lower row and replacing [ C/G] with a suitableétale cover, the lower right corner of Diagram (7) becomes
and π is a uniformiser of R. The relevant part of Diagram (8) becomes
where W is the free
The trace pairing for W in terms of the indicated basis is the standard split pairing. Hence for the rest of this section we find it convenient to use the same convention as in the proof of Proposition 1, i.e., let O m (respectively Pin m ) denote the orthogonal group (respectively Pin group) with respect to the standard split pairing, which once again is permissible since we are workingétale locally. (9) . The restriction of the horizontal map of this diagram is given by the diagonal matrix
, and the restriction of the vertical map is given by
where ρ is a primitive e-th root of unity. Finally note that the transposed matrix
with the trace pairing, to (R[Z]/(Z t −π))
e equipped with the standard split pairing in terms of its standard basis.
Composing, we get the block diagonal matrix
with coefficients in the fraction field of R[Z]/(Z t −π). Hence the matrix A as in Proposition 1 which results from the comparison of [f ]
The result then follows from Corollary 2 and Corollary 5 below.
It only remains to state and prove the Corollary referred to in the proof of the Theorem. First a lemma: 
Mod 2 cohomology of orbicurves
In order to connect with Serre's invariant, we will from now on consider the geometric case when [D] is a smooth k-orbicurve, where k is an algebraically closed field with p:=char k =2. We begin by deducing the mod 2 cohomology of [D] from the computation of the cohomology with G m -coefficients in [8] . The snake lemma then shows that
This, in the notation of Section 3, immediately gives the following result:
Proof. The Proposition says that there is an unramified double cover D→D such that
It is then enough to see that D→D represents w 1 (E). But this follows since the morphism of sheaves O C →O(E) gives rise to an isomorphism of μ 2,V -torsors
where V is as in Diagram (7), and V as an upper index means restriction. 
which is what we referred to as the combinatorial nature of w 2 (C/D) in the Introduction.
